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Electroacoustic System Realizations
for the Linkwitz—Riley Crossover Networks*
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A design method is presented for the realization of the class of Linkwitz—-Riley
crossover networks for which the transfer function of the upper frequency driver is
included as part of the transfer function of the high-pass network. The method is
described in detail for a fourth-order crossover system, and techniques for its extension
to higher order systems are given. A quasi-Linkwitz—Riley crossover network is defined
which increases the order of the active filter for the high-pass network by 1 while
approximately maintaining the desirable phase and amplitude characteristics of the

Linkwitz—Riley network.

0 INTRODUCTION

Passive crossover network designs usually use the
simplest crossover networks that will do the job. The
design objective normally is a flat frequency response
as measured “on axis.” For the evaluation of the cross-
over between two drivers, “on axis” will be interpreted
to imply that the measurements are made on a line
perpendicular to the baffle containing the drivers and
which bisects the line connecting their acoustic phase
centers. If the measuring microphone is moved off this
on-axis line, a differential phase delay will be introduced
between the drivers and the measuring point, and the
measured frequency response in the crossover region
can deviate from that obtained on axis. In some loud-
speaker specifications, “on axis” often implies on the
tweeter axis. In this paper, however, it will be necessary
to define it such that the distance between the acoustic
centers of the drivers to the measuring point are equal.

One method that has been proposed to decrease the
off-axis deviation in the crossover response between
two drivers is to design the crossover networks so that
the two drivers are in phase at the crossover frequency
and so that the rates of change of the phase with fre-
quency are the same for the two drivers. A class of
crossover networks that satisfy this condition are called
Linkwitz~Riley (I.—R) or squared-Butterworth cross-
overs [1]. (Although not an author of the paper,
R. Riley is given credit in [1] for suggesting that the
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cascade of two identical Butterworth filters meets the
desired requirements.) The transfer functions for all
of these networks have a sum or difference transfer
function that is an all-pass transfer function. The lowest
order transfer functions which satisfy the condition are
second order, where the drivers are driven with opposite
electrical phases. The next lowest order transfer func-
tions are fourth order, where the drivers are driven in
electrical phase.

Because fourth-order passive crossover networks are
very complicated, especially when the effect of the
nonresistive impedance of a voice coil is considered,
a successful passive fourth-order realization could be
difficult, if not impossible, to obtain in practice. How-
ever, with active filters the realization is simple for a
biamplified (or triamplified, etc.) loudspeaker system.

. The performance of the system is dependent on the
crossover frequency (or frequencies). For example, in
the crossover between a woofer and a midrange, the
crossover frequency should be much higher than the
lower cutoff frequency of both drivers. This minimizes
the differential phase shift between the two drivers so
that the desired phase at the crossover frequency would
be set by the crossover networks alone and not by the
drivers. For most midrange and tweeter drivers, how-
ever, the fundamental resonance of the diaphragm usu-
ally occurs at a frequency just below the typical cross-
over frequency. Because the lower cutoff frequency of
a driver is approximately equal to its fundamental res-
onance frequency, it follows that it is difficult to use
a crossover frequency that is too much higher than the
midrange or tweeter cutoff frequency.
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Therefore the performance of a crossover network
that satisfies the L—-R condition can be perturbed by
the differential phase shift between the drivers caused
by the crossover frequency being too close to the lower
cutoff frequency of one of the drivers. For example, if
the crossover frequency is chosen to be equal to the
fundamental resonance frequency of the midrange driver
and this driver has a closed-box baffle, then the acoustic
output of the midrange will lead that of the woofer by
90° at the crossover frequency. This phase lead will
cause the same problems in the polar response of the
system as are caused by crossover networks that are
not of the L—R class. Therefore the system response
does not have the unique property that the L—R networks
are designed to provide.

This paper investigates the design of a crossover
network system which satisfies the L-R condition, but
the acoustical transfer function of the upper frequency
driver is included in the overall transfer function ot
the high-pass network. Because the phase response of
this driver is part of the overall transfer function of the
crossover system, the usual errors caused by neglecting
it are minimized. The lowest order transfer function
for which the design is possible is a fourth-order one.
A complete solution is presented for this case. It is
straightforward to extend the design method to higher
order networks.

In addition to the L—R crossover system, a quasi-
Linkwitz—Riley (q-L—R) crossover system is described
which uses a fourth-order network on the lower fre-
quency driver and a third-order network on the upper
frequency driver. This crossover system is simpler than
the strict L—R crossover but has similar performance.

Some background papers recommended for the in-
terested reader are given in [2]-[6]. In [2] and [3]
methods for designing crossover networks for correct
system response are discussed. In [4] a method for
incorporating the tweeter response into the crossover
function is presented. In [5] a method for adjusting the
resonance frequency and quality factor of a driver or
system to obtain a desired response is discussed. In
[6] the phase delay and the group delay of crossovers
are discussed. In addition, a compensating network
design is given which can be used in parallel with the
voice coil of a driver to cause the input impedance of
the parallel combination to simulate the dc resistance
of the voice coil.

1 THE ELECTROACOUSTIC CROSSOVER
SYSTEM

For simplicity, the development will assume a two-
way loudspeaker system. The methods developed are
applicable to higher way systems with minor modifi-
cations. Fig. 1 illustrates the diagram of such a system
driven by two power amplifers which have active filter
crossover networks preceding them. On axis between
the two drivers, the acoustic pressure is equal to the
sum of the pressures radiated by each driver. This sum
can be written [7]

J. Audio Eng. Soc., Vol. 35, No. 10, 1987 October

LINKWITZ—RILEY CROSSOVER NETWORKS

PT=PL+PH

Hi(s5)GL(s) + Hu(s)Gu(s) )

where GL(s) and Gy(s) are the transfer functions from
power amplifier input voltage to acoustic pressure output
for the low-frequency driver and the high-frequency
driver, respectively, and Hy (s) and Hy(s) are the transfer
functions of the active crossover networks. The gain
constants from v; to Py and from v; to Py depend on
the gain of the two power amplifiers, the efficiency of
the two drivers, and the distance between the observer
and the baffle. In the following analysis it will be as-
sumed that these two gain constants are equal to each
other and that they have both been normalized to unity.

It will be assumed that each power amplifier has flat
response in the audio band and that the acoustic medium
does not modify the frequency response of the radiated
pressure signal. In addition, it will be assumed that
the crossover frequency between the two drivers is well
below the upper cutoff frequency of each. Under these
conditions, both G (s) and Gy(s) are high-pass transfer
functions. In the case of a closed-box baffle, the order
of the transfer functions is second [8]. For a vented-
box baffle it is fourth [9]. It will be assumed that the
lower cutoff frequency of the lower frequency driver
is sufficiently low compared to the crossover frequency
so that the phase of Gi(jw) can be approximated by
zero in the crossover region. This is a valid assumption
in most systems because the lower cutoff frequency of
a woofer is normally a factor of 10 or more lower than
the crossover frequency. Under this assumption, the
normalized total pressure for frequencies in the cross-
over region can be approximated by

Pr = Hi(s) + Hu()Guls) - €))

Almost without exception, midrange and tweeter
drivers have an integral closed-box baffie as part of
their construction. Therefore it will be assumed that
Gyu(s) is a second-order transfer function having the
normalized form [8]

(s/oxc)
(sloc)? + (1/Qtc)(slwc) + 1

Gu(s) = ©)

where wc is the system resonance frequency and Q¢
is the total quality factor. In order for the normalized

Fig. 1. Two-way loudspeaker system for which total acoustic
pressure Py radiated is measured on axis. Transfer functions
H; (s) and Hy(s) are those of active crossover networks; transfer
functions GL(s) and Gy(s) are the transfer functions from
driver input voltage to output pressure at the measuring point.
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total pressure to satisfy the L—R condition for a fourth-
order transfer function, it follows that Hi(s) and
Hy(s)Gu(s) of Eq. (2) must be given by [1]

2
1
e = [(s/wo)z + Va(slwg) + 1] @

(s/x)?

2
(s/wg)? + V2(s/wg) + 1] )

Hy(s)Gyu(s) = [

where wy is the crossover frequency.

Comparison of Eqgs. (3) and (5) shows that if wc =
wo and Otc = 1/V2, then one of the factors on the
right-hand side of Eq. (5) can be assigned to Hy(s) and
the other to Gy(s). Therefore it follows that if the transfer
function of the upper frequency driver is Butterworth
@1c = 1/\/5) and the crossover frequency is chosen
to be equal to the fundamental resonance frequency of
this driver, then the product Hy(s)Gy(s) will be the
transfer function of the high-pass L—R function for a
fourth-order crossover network. However, the active
filter which precedes the power amplifier that drives
the upper frequency driver is only of second order.

The choice of a crossover frequency that is equal to
the fundamental resonance frequency of an upper fre-
quency driver is a condition that can be met easily.
Any properly designed system will have wg = wc. In
some cases, however, wc may be so low that the power
handling of the upper frequency driver may be affected
if the crossover frequency wq is chosen that low.
Therefore, a desirable design alternative is to have
wp > wc. In addition, most midrange and tweeter drivers
are mounted in a fixed-volume closed-box baffle so
that the total quality factor of the upper frequency driver
may not be 1/\/2. In this case the second condition on
the realization of the crossover system cannot be met.
To modify the design to account for these conditions,
a second-order biquad filter may be used as part of
Hy(s) to electrically alter the “effective” fundamental
resonance frequency and quality factor of this driver.
The transfer function for this biquad would be given
by

Ty = € 6w’ + UQro)(siwc) + 1
VT (el + Vasleg) + 1

©6)

For most drivers Q¢ would probably be greater than
1/V2 so that the biquad filter would have a “dipping
response” at w = w¢. A possible active realization for
Hj (s) and Hy(s) that includes the biquad filter is shown
in Fig. 2.

In Fig. 2(a) operational amplifiers A1 and A2 form
a fourth-order cascade infinite-gain multiple-feedback
low-pass filter [10]. In order for this filter to have the
required transfer function as given in Eq. (4), the fol-
lowing equations must hold:

R = Ry = Ry = ———F——— M
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Ca = 4.5C, . ®

In Fig. 2(b) operational amplifiers A3 through A6 form
a second-order biquad filter [11] which realizes the
transfer function of Eq. (6). Operational amplifier A7
forms a second-order infinite-gain multiple-feedback
high-pass filter [10]. The design equations for these
filters are

1
V2Ry = Ry = (W"—“E> Ry

Qrc oo ©)
1
= Rys = Rys = ooCor
1
Ryp = (10)
" 0oCea
2 2
Wy — ®¢
Ry; = Ryg = Ry = R 11
Y ol V200 — wOrc] b8 b9 bio  (11)
1
Cos = Cpy = Cps = ——— 12
P T T VR .
4.5Rb11 = Rb12 (13)

where the biquad design formulas are valid only for
wg = oc. Connection A in the biquad is used if
\/EQTCmO/wC > 1. Connection B is used if \/EQTCwO/
wc < 1. In the event that \/EQTCwo = ¢, then con-
nection A is used and the equations for Ry4, Ry,7, and
Ryg are modified as follows:

]

Rog = ——0 (14)
7 (@ - Wy

Ry7 = open circuit (15)

Rys = Rypio - (16)

The next higher order transfer functions which satisfy
the L-R condition are sixth. In this case H;(s) and
Hy(s)Gy(s) are given by

1 2
[(s/wg)* + slwg + 1][s/ory + 1]} 17

(stwo)® 2
[(s/wg)? + siwg + 1][s/wg + 1]

Hi(s) = {

Hy(s5)Gu(s) = {
(18)

If the crossover frequency wg is chosen to be equal to
the fundamental resonance frequency wc of the upper
frequency driver, it is obvious from Eq. (18) that there
are two choices for Gy(s). One would have Q1c = 2
and the other would have Qtc = 1. The order of the
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crossover network for the upper frequency driver would
be fourth. As with the fourth-order system described
in the preceding, a biquad filter could be used with the
sixth-order system to electrically alter the “effective”
fundamental resonance frequency and quality factor of
the upper frequency driver so that arbitrary quality
factors could be accommodated and a crossover fre-
quency greater than wc could be used. The design of
the filters would be similar to those given in Fig. 2 and
will not be presented here. The next higher order transfer
functions which satisfy the L—R condition are eighth.
It is straightforward to extend the design methods pre-
sented here to this case and to higher orders.

2 A QUASI-LINKWITZ-RILEY CROSSOVER
SYSTEM

The method for crossover system design presented
in the preceding section always results in a network
for the upper frequency driver that has an order of 2
less than the network for the lower frequency driver.
In addition, the network for the upper frequency driver
includes a biquad filter which complicates its design.
In the case of the fourth-order crossover system, the
high-pass crossover network has an order of 2. For a
high-power system this may not be sufficient to provide
protection of the upper frequency driver, so that the

LINKWITZ-RILEY CROSSOVER NETWORKS

more complicated sixth-order system would have to be
used. This would give a fourth-order filter for the high-
pass network.

In this section an alternate crossover is presented
which uses the fourth-order network on the lower fre-
quency driver but a third-order network on the upper
frequency driver. In addition, the biquad filter is not
used. Although the crossover does not meet the L—R
condition in the strictest sense, it can come very close.
Because the transfer function of the upper frequency
driver is accounted for in the design, the overall elec-
troacoustic performance can be better than a strict
L-R crossover that does not take into account the
transfer function of this driver.

At the crossover frequency, there are two desirable
conditions that the crossover networks of an L—R
crossover satisfies. If the gain constant of each network
is normalized to unity, these conditions are: 1) each
output should have the same phase with an amplitude
of 0.5 and 2) the rate of change of the phase with
frequency, that is, the group delay, should be the same
for the two networks. Suppose that it is desired to use
a fourth-order network on the lower frequency driver
and a third-order network on the upper frequency driver.
Let the crossover network transfer function for the lower
frequency driver be given by Eq. (4). At s = jwg, this
transfer function has a magnitude of 0.5 and a phase

By3
AA~
Bp1
%1 %oz Bre
t Ry Bys
‘_J
By7 l I
AlB Fpg B
o bs A
Foa Fp10 o Bp12
Ryg b3 | Cba
P Roi1 .
(b)

Fig. 2. (a) Operational amplifier realization of low-pass filter for fourth-order crossover system. (b) Operational amplifier
realization of high-pass filter for fourth-order system including biquad for electrically modifying the “effective” fundamental
resonance frequency and total quality factor of upper frequency driver. Switch connections are explained in text.
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of —180°. Let the transfer function of the crossover
network for the upper frequency driver be given by

(s/ax)*

o) = [otag + Tlan? + Vatslag) + 11

(19)

At s = jwy, this transfer function has a magnitude of
0.5 and a phase of +135°. It follows that if the cross-
over frequency wyg is chosen to be a frequency at which
the phase of Gy(jwg) is +45°, then the product
Hy(jog) Gu(jwe) would have a phase of +180°. If
|G(jwo)|= 1, then condition 1) given above as applied
to Hi(jwp) and Hy(jwe)Gu(jwge) would be satisfied.
These conditions can be closely met with many midrange
and tweeter drivers.

Condition 2) on the rate of change of the phase of
Hi(jow) and Hy(jw)Gy(jw) is not so obvious. To in-
vestigate this, let B be the phase of Hy (jw) in Eq. (4),
let By be the phase of Gy(jw) in Eq. (3), and let By,
be the phase of Hy(jw) in Eq. (19). At ® = wg = 27fp
it can be shown that the rates of change of these three
phases with respect to frequency are given by

dBy _ ~360v2

e  Th [deg/Hz] (20)

dBm _ —180k 1 + &

dfpy,  mOrch (1 — B + KIQ4¢ [deg/Hz]
21

dBr; _ —90(1 + 2V2)

dfe 7fo [deg/Hz] (22)

where k = wo/wc = fo/fc. Condition 2) on the rate of
change of the phase at the crossover frequency can be
written

_ dBrz

4B _ B |
dfo  dfo dfo

(23)

For any f the values of k and Q for which the phase
angle of Gy(jw) is 45° and for which Eq. (23) holds
are given by

k=185 (24)
Orc = 0.765 . (25)

It thus follows that if the upper frequency driver has a
total quality factor of 0.765 and the crossover frequency
is a factor of 1.85 above its fundamental resonance
frequency, then the condition on the total phase and
on the rate of change of the phase, that is, the group
delay, will be satisfied at the crossover frequency. A
total quality factor of 0.765 is certainly within the range
of values covered by most midrange and tweeter drivers
(if at the lower end of it). Therefore the condition on
Q1c could be approximately satisfied by most drivers.
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A factor of 1.85 for wy/wc puts the crossover frequency
approximately one octave above the resonance fre-
quency for the upper frequency driver. This in com-
bination with a third-order crossover network that is 6
dB down at the crossover frequency would certainly
qualify as a good candidate for the high-pass crossover
in a high-power system.

Fig. 3 shows an active realization of the third-order
high-pass filter given in Eq. (19) for the g-L—R cross-
over. The associated low-pass filter is the same as that
given in Fig. 2(a). The design equations for the high-
pass filter are

1.37R,; = 0.348R, = 2.10Rs = 26)

wOCcl
Cq =Co =0Cqy . @n

To investigate the performance of the q-L—R cross-
over, a computer simulation with the PSPICE electrical
circuit simulator software was performed. The element
values for the low-pass and high-pass filters of Figs.
2(a) and 3, respectively, were calculated for a nor-
malized crossover frequency of f; = 1 Hz. To com-
plete the simulation, an active second-order high-pass
filter was included in cascade with the high-pass section
to simulate the transfer function of the upper frequency
driver. This transfer function had a normalized reso-
nance frequency of fo = 1/1.85 Hz and a quality factor
of QTC = 0.765.

Fig. 4 shows the magnitude plots of the output of
the low-pass filter, the output of the high-pass filter,
and the sum of the two outputs. It can be seen that the
sum exhibits a magnitude that ripples slightly through
the crossover region. The strict L—R crossover system
discussed in the previous section would not exhibit this
ripple.

Fig. 5 shows the simulated phase responses of the
low-pass filter and the high-pass filter in cascade with
the filter used to simulate the upper frequency driver.
It can be seen that the two phase functions exhibit very
close agreement in and above the crossover region.
Thus the conditions that the two outputs have the same
phase delay and the same group delay in the crossover

‘region are satisfied. Below the crossover region, the

two functions diverge. The strict L—R crossover system
described in the preceding would not exhibit this di-
vergence. The phase plots in the figure are shown mod-
ulo—360°. Thus the apparent jump discontinuities near
1.0 Hz are not real discontinuities because the phases

RC3

Fig. 3. Operational amplifier realization of third-order high-
pass filter for quasi-Linkwitz—Riley crossover system.
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—180° and + 180° are the same.

It is to be noted that, below the crossover frequency,
the wavelength of the radiated sound increases as fre-
quency is decreased so that the separation in wavelengths

LINKWITZ-RILEY CROSSOVER NETWORKS

between the acoustic phase centers of the lower and
upper frequency drivers decreases. This minimizes any
off-axis deviation in the pressure response of the system
caused by the divergence in the two phase functions.
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Therefore the divergence occurs on the preferred side
of the crossover frequency, that is, on the lower side.

If the upper frequency driver does not have the re-
quired value of Qyc, the performance of the g-L-R
system will be perturbed. To investigate this, let
AL = |H (jwo)|, Ax = |Gu(jwo)Hu(jwo)|, and By =
Bui(wge) + Pua(wg). For Orc = 0.765 it can be shown
that AAy/Ag = 0.5A01¢/Qtc and ABy/Pu = (1/27)
AQtc/Qrc. If the phase and amplitude errors can be
considered independently, it follows that a 20% increase
in Qtc will cause a 0.83-dB increase in the sum A; +
Ag and a 1.8° decrease in By. At the crossover fre-
quency, therefore, it can be concluded that the g-L-R
system is fairly insensitive to changes in Qr¢ about the
required value of 0.765.

To determine the difference in the performance of
the q-L—R network and an L—R crossover network
which does not take into account the phase response
of the driver, a second computer simulation was per-
formed. A fourth-order crossover network was used
on both the lower frequency driver and the upper fre-
quency driver. Again it was assumed that the upper
frequency driver could be modeled as a driver in a
closed-box baffle having a resonance frequency a factor
of 1.85 below the crossover frequency and with a total
quality factor of 0.765. Fig. 6 shows the magnitude
plots of the output from the low-pass filter, the output
of the high-pass filter in cascade with the network used
to simulate the upper frequency driver, and the sum of
the two outputs. As with the g-L-R system, the sum
exhibits a magnitude that ripples slightly (though less
than in Fig. 4) through the crossover region. The strict

ENGINEERING REPORTS

L—R crossover system discussed in the previous section
would not exhibit this ripple.

Fig. 7 shows the simulated phase responses of the
low-pass filter and the high-pass filter in cascade with
the filter used to simulate the upper frequency driver.
It can be seen that the two phase functions do not exhibit
the same slope at the crossover frequency. Thus one
of the key features of the L—R functions is not main-
tained. Below the crossover region, the two functions
diverge by approximately twice as much as for the
g-L-R system. It can be concluded that the third-order
high-pass filter network comes much closer to producing
the desirable phase characteristics of the L—R functions
when the transfer function of the upper frequency driver
is taken into account. The comment made with reference
to Fig. 5 concerning the apparent discontinuities in the
phase plots near 1.0 Hz applies to Fig. 7.

The reader is cautioned that general conclusions based
on the plots presented in Figs. 4—7 may not be valid
for a driver which has a Qrc that differs significantly
from 0.765 or if the ratio of the crossover frequency
to the resonance frequency of the upper frequency driver
differs from 1.85.

3 CONCLUSIONS

With active filter techniques it is possible to design
the crossover networks for a multiway loudspeaker
system such that the transfer functions of the upper
frequency drivers are incorporated into the crossover
network design in such a way that the system response,
as opposed to the response of the crossover networks
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Fig. 6. Computer simulation of the magnitude of pressure outputs of (a) lower frequency driver, V(7), (b) upper frequency
driver, V(23), and (c) sum of the two, V(7) + V(23), with fourth-order Linkwitz—Riley crossover networks. Crossover
frequency is normalized to 1 Hz. Horizontal axis—frequency in hertz from 0.1 Hz (100m) to 10 Hz; vertical axis—mnormalized
gain from 0.001 (1.0m) to 10.
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alone, meets the conditions of the L—R class of cross-
over networks. The conventional L—R networks require
the same order transfer functions for the low-pass and
the high-pass sections. For the design presented here,
the order of the high-pass section is 2 less than that of
the low-pass section. In the general case, however, the
high-pass network must be in cascade with a biquad
filter which serves the function to electrically modify
the effective transfer function of the upper frequency
driver.

In the crossover region it is possible to closely ap-
proximate the phase characteristics of the fourth-order
L-R crossover networks with a system design that uses
a fourth-order low-pass network on the lower frequency
driver and a third-order high-pass network without the
biquad filter on the upper frequency driver.
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Fig. 7. Computer simulation of the phase of outputs of (a) lower frequency driver, VP(7), and (b) upper frequency Qriver,
VP(23), with fourth-order Linkwitz—Riley crossover networks. Crossover frequency is normalized to 1 Hz. Horizontal
axis—frequency in hertz from 0.1 Hz (100m) to 10 Hz; vertical axis—phase in degrees from —180° (—180d) to +180°
(180d). See text for discussion of apparent discontinuities near 1.0 Hz.
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